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Zwiebach 1992 £/oseglsjwmg (}ﬂeld H’neovy 1S Aescri\)eol )oy o} SJm'nﬁ action

w\m'c)w COVA,’mns cO humbm C(g: vechices, s.jt. B\/ masjcer eq)t.
In Paﬂjcicu\af, 6: ) SJCYIV')S va'e\c\ — |_oo~a]3_

Zwiebach 1997 O}ZQ)’) sjm'ng J:q‘e\d via Aoo-a\g. o Opeﬂ—clowc\ guanqum
Tﬂasjfer effc_ via moc{u\i og bordered Riemann Suﬂfaces.
B-moc)e) -' B—iw{s{eo\ TFT/ %opo, slm'nﬁ

“JZoca\izeo\ aroun& consjc. mapsu ~ qﬁoca\ ’ Sjm'ng ;ie\cl acjﬁ'on_



ﬁx v .

Mop(Z.X" jx ni—

WiHen 1992 : A— moae\ ope\r\ st'nf} §»’eld — CS + 1’ns£cm{ons
B—model open st'nﬂ Qcielcl :HOICS on CV3
(and Speculajte U\a{ Jc]neory 1S erijce).

BCOV 1994 B-model on CY3 as gauge H\eory. “Koo\aira—gpencercam\/i{-y”

Ecﬁ: O§ ‘mo‘kion — deOEormaA;D Odr Cpx. 5{"{'. ’\/?ﬁh Ricei JCIQJE ?ne{ﬁcs
'lea&imj cubic \/er%ex q§ Zwiebacln’s S%h'ng action in 4opo. B-model

. Banannikov—)(onjtseuich COnchrchrion og ?ro))emus fmfd.
(via Po\y\/ecjtor &'eus)

COS‘)ZE’HO'Li 2012, Full stna action B-model on cY Q\F anbjjtrary dim.
S.JE. RV "masjaer eg%. (odd version o\]C HamiHon"Jacobi )"? BCOV.

(ocelo-Li 2015,201¢ B-model open—c)osec\ cwp\ing in ,nge N limit

and  twisted 5ug>engm\/i5c7_

Convention Z-graded vs N = © Vim > a deg l0l=m
deg. shift VI w VIn= Viem : omove leit
Sym" (V) = Ve ash -n""*bea
A" (V) = V" asb+n*"bea
Sym™ (VD) = AT(V) [m]
SymV)=@, Sym™ (V) SymlV) =Tl Sym"(V)




§Q (’dlal)) Ydu GéOleé"gTY ><dc w/ —|_>< ,'lolo {angenjt L)CH
PV(X @Pv (X) = Q™ (X, ATx)

= l<-,~-‘ ]<1:} 921 = Oz% a - A 92\‘:
= > uiditeay t=tko z
_//{ 1= /As Szig\)_u s\i} AZS — dis‘,A A d—zS;.

\3’]_'

]/\A] = 4+ vajfal c{eg
(‘weolge) Pnoducjc Py (X) e P\ (X) —LA— ’thhl'ﬁl(x)

<PV(X),/\> graclecl comm. a\g. A :(*1)\“(&’? ol
5 PVOO—PV7X)  B(dap)=BNAg +(D)"drBp

Def (alabi-Yau manifeld (X.$20 wi Ox nowhere vanishing helo. vol Jorm
Qx = QQ(Z)dZ'A---Ad?d m foc, ko’O. coord. on ><

— Linean PV =22 0 PV —Ls Py
isom, M — sy AQXlg SlAQx
~> divergent on: PV — PV O —2— O
Note: PV° -0 PV™  NOT a derivation
fd. g} = 2n(cs B) - () f- (D" nomf BVAs.
= - 0" [, Ly Schouten-Nigenhuis bracket.
Note: 4-.-3 PV (X) e PV (X) — PV™"**(X)
'injfriﬂsicany de\)rd. (W'r’\dep. oj Cx)
Trom -.-J to o0 ,0or Slx, ~ BY g_uamlizcu}n_

Properties:  1d. g} = 0" g d}
fo pavt = Sl ghay +E)F 0 ¥
ol g Vi =G0 A p v ib " g ol v R

Mamely, (PV,3,00.8-.-1) 55 dGBV dlg
Trace Tv: PVX)—— C
Tr (/") :S AQ ) a $ only non-trivia) \][or (Pvd'd

Cx e (@hp) = -7 Te (o (3p)
Te (2 p) = Y T (d (ol (20



Deﬂforma%iom Hueovly anal loca] moduli

= ool . _ 30.()33(FX ing
>< CPJE )<O»‘1\€‘(' ﬂ M{/é?\/ LX)]]-”<€‘ 9/'{“‘ /‘)'(} o ’a/u’ O}

[BOSOMOIOV-TMH"TOAOYOVJ
>< ijl:. ]{aHer CY — /%cx SmooH'\, %anaenja sP_ H%XT)()

E’x%enclecj modul; space M Lo { 5/‘ +‘3{/4,)A}:o ,5;“': O}J ﬂoJE nec. Jtype (1.1)
[Baranmkov - KOthsevic}\ ] /{'( smooﬂ'\
Pf d.g €Keron= PV

L. g = 0 (ol B) - (2B ~(-1)"d n g € T O < Ker 20

(Ker9.2.{-.-1) <=2 (PV.2.{-.-})
dgla (shifted) dgla

PVOO 2 |H = Kerda/Im%a = Kerd/ImD (- Kahler)

2(Kecon) = Tmoa (23 - lemma)

(Ker2.3.1-.-3) Temame > (H.2.0)  dgla homo
(Ker2.9,{-.-3)

2 isom. ﬁ-fm%g
(PV.3.1-. ’ (H,o.0)

gg rP.czriﬂa maop (Xﬂx) CPXL. KdHer CY

M€ DVH(X) - m x .
st. éﬂ+_‘i{ﬂ/‘}:o —> [X/Al < My focal modul OJf cp sty X

M=ZppdFens s detvpadd=d2eppsdr =l de
Wf\: {Zﬂj ,goc. l'wo)o. COD‘(C]. on >< ,ro, Lasis o\g (\,O)-jovms n ></;

%dzaimmxj H;}X/") 3 Gauss-Manin ({lat) connection V&
Mo 2 tpl = adenbly HU) == HOO = HOLO) e on
j‘{d - |:Pj’[°\ %o)om. Su)CJ\OCH w/ Jiber kg?P Hk'd-k(Xﬂ)

IY\ Paﬂjnicu\ar, L= Iznj'[d }\olo.\ime l)cn) CC\HBC{ vacuum \h'ne kc“

Pehod map —|— ‘]:(L\{O}) :/ch - Hd(X G)
MG B, POPGO) O a0 ,
LX;] — [OX)A] C’bcﬂ/ﬂxl I, M ,:IH K

\)'(ICX



(Y3 (X, Q) — HIXE) w cx. sympl. form o, B) =, dnp

FQ ng H* e H" — H° Lagr. sﬂosp.

~  lagr | \:Qj‘{g :Hs, W Symp\. vector bdl
subbdl. l l VML = 0

M= K

%OP- M — H(X.C) Lagx‘. gu\ochd.
(Yeason‘ Griacqfijr%s Jcmmsvmsa\ijcy)

Choose linean Laar. 1 = H(XO), transverse to FH’

— Hs :T*(FQHS) Qs Symp\. V.S. . .
LacaTJ\ ) H e H ’
A5 = % = Graphld®)  Ihdo % FH —— C

€q. 4 = H'@H™ cpx congugate splitting
~ M =10t v il

% has homog deg 2 wit €M, AYC =H"
= F. = ()T where = F/t foc cword on A
Geomekeicdly, 3. & TIA™, 1) . called pnepotentiol
—~ M =0, T, 24F 2T -T )]

ie. [Q]=0.,7, 2%, 27 -l

GM _ GM

yu)mwa coup\q'ng Cisk (T) :Sx ng [Qz:l/\v-cs Ve« I:Qr] £ O¢i Ot Btk?o(t)

(:Deformajm'on ‘H\eory for pairs (X,Qx) 5 any dq’m d

deform X ~ pePV(X), Su+iippi=o0
— X/u. w/ }10\0. (LO)-OCoYm eradz's
~ non-vamsl)mg @d.o>-Jorm s () (Ve aldap)=(e"s A) e p))

-~ E]SMOOH‘: CF('{' P, d (EP EMA Qx) — 0 ~ holom. vo\. gtorm
& Gutzippr=0 4 Fprpputippr=o0 (%)



§4 ngfendec{ Period map
Q — _é + 100 w/ 1 Jformal vaniables . deg‘tZQ (Ngmvijfajr{ana\ descendant )
) &= QA+ dlppl=0ow f=prte (uepvpep™)

(PV,%,{-,'}) i ex%emc\eo\ ’moAu\v) o\g X
(rP\/[[JfH,&J{”'})'\? ex{’enéed 'moo\u\m' o\g C\/ C\IJEOWIG%‘()/

Remank: (PVItL, Q) homdlogical veplacement of (Kerd,2)
Ker o — [PV L2 1 py L2 ¥py o5 ... ]
QU\E’S)D'DH-' (¥) as Euler- Lajfange eci)c_ 7

[CO\/ on C>/3 \)EOB' /)_ éKer’a t— not local!
op+xippl=0 as El-egt. of KS Kodaira-Spencer action

@/&Jf%tst/a'/mzo ( not El-eqt)
Zl E Loa"]:(oms&. og dgﬂa (CosteMo-Li)  uses pom'oJ map

Qo+ éﬁﬂk(}im) =0 EL-eqt, Jaction fcl.

Def SN = S0 @ SO ae
PVOO(IR] = PVOOLLIR] & £'PVOOLET[2]

Note: <S+(><)) Q) = (S(X)) ) Sub—cpx.

Defi w:S(X)® S(X)— €
w{®d, g1 B) = Trdp - Res;oo {1 gD dE
=- M wlgb g, ftnd)
Onl\/ nontrivial 1'& otal deg_ s Xd-L

~ (S(X),(AJ) 15 (5'2d>-s%ﬁ”ﬂe& sympl. V.S,

?3 V3 *e O¥e Q% e O
peried iAQX G (gradedy skew-gymm.
PV @ P\/L| ® t_I'P\/22 ® J[ﬂP\/33 WYt 0,




Cocham Perioo\ map: (a map on Otowrma\ schemes)
PoS0— SO Pl = t(1-e)

4P (0): TS, (X) —— T.S(X) ‘s- .
e S, S(X) ~ —

(Ir\ Panjm'cu,oui, ? 18 a Jtorma\ emloealdmg)
Ex. QE(t-e*)) = -(Qp+xip pl)e?”
That ic P (S0, Q4--)—(S(X).Q, o)

I we view Q as a vector field on S(X),
H)en Q IS Jcam@en{ Lo Im(?)

° Im(?) — S(X) is a formd S)\iﬂeo\ Laar. Sukchd.




§5 aasﬁcaf BCOV gquajcifm

Geomel’ry Og arauijfa‘&iona) descewdarﬂ: COnSidQV‘ ><: P‘k

S=C(#) = Si=Clt], S=rCH]
W (\)CG:) ﬂ&) — RGSJF”C (1) ﬂ(‘li) dt sympl. Jorm

S-
P =1+(1-e*) T/
— 3 g

>S+ 7 I

Imlp) = 5 4s & formd Lagr submanifold.

4G el = S =TS = InP=Gwh(dL) 3L eO(S)
Write ©= > wtf G,
= Pl0) = & wt' + 2 o L (-1)™”

Goal - Compujce ()

+

P

- String_equation Lk f o S—S, Hi =t
View ',]\‘._l as a vector jielcl on S, denote Lo
L- preserves W 1e. w(L& g = - 00(5 L_,g)

L= % 99c d = Z(n "dTe nd T :% iuf dt 2 d <

j ZL [A): ]_ f( ” _CHl I\dté [ Z(‘1)°-C‘-T5)
i Z i13=0
Zd(;T +Z(l)tk‘ck>
- HarmHoman h, = iro + ;( 0" T, To

Lemmo: Lo is %angemja to Im@ -t (c\i}ajcon Slmf“
P Lot o= PU)-t =-teh
T(ImP-1) ={-sf e} = &5,
| L, =L@ =-e" = T(InP-1) 4
By Hamilton-Jacobi e@Jc_ h- ‘Im?—i = (onst. =0
= FT 4 3 Twdul- 2l =0
ie. 9ul, = X7 + ki v 2 L, String eqt.




+ Dilaton eqt. LS — S, LI =kt t* o clof.g) = - ol { L.g)
~ Hamiltonian h, = = )"
Lemma: Lo is %angenjn to TP -t (¢imlas pd)
By Hamilton-Jacobi eqt. L= lnst. =0

3 92

— 2w le = i(k%)ﬁ = 1 Dilaton eqt.

' Graolmg egqt. G: S—S, G =(k-2t"
Lemmo: G s gangen{ to TP
ie. ImP s Pneservecl by C-action »-t" =" .
~> grading on C(t)[a] deg)t =2ak-2 deq T =2-2k

~ L. homog. of degree b
string egt., dilaton eqt, qmdwﬁ =

oL - (:k:3 k,.> — Smom %k’ el %kn

C’ass’)'ca\ BCOV aCJD'O” X S-(X)
rj)(_g)zjcu_e/‘/’c) %X

—_

oCy, 0Cxy =

S+ (X)=PV(X)[t]L2]
4 / ‘ S+(X)

= L =InP=Guaph(dI}) I e O(S. (X))
Denote  (t“e.et) = Sf_n-om bt = (knk—3k>

which extends PVOX)-Lineanly to
(=2 §m (&(X) — PVIX)
Theorem (Coctello-Li) T2 W) = Tede™y = 2,4 Tedu™ Do chssical BOOV action
1§ we write M=potut +mt™ 4wy g <PV(X)
D =35 Tom (mod wse)
dor £73, BCOVs Kodaira- Spencer gravity,

§1€\AS ME Ker 2 < PV(X) (non-focal)
aijiOﬂ KS [/"o:[ :% T‘r/uo-%'/}o + % TT'/Ag



§ 6 Hodqe s{rchcure ar\d Pmmi%z'\/e forms
(S+(X>,Q:5+ to ,SL-,—}) 4 /P — Pass 1LO Col’lomology U’[aurer-[an%an{umc%or)

~ My =1{ ue Sx) Qu +E{ppt =03 /Gauge

CP 5/%( — H(S(X), Q)F(&Rd)-s%iﬁeo\ S}/‘mpl. (- Qis compajfi_ W o)
EX)CEZHO\@C{ U 1sotropic subsp.
period map H(S00.Q) ¢ (SX). Q) = (S(X). Q) sub-cpx)

but S.(X) = S(X) not prreserve 57 (.
— AHLSLX Q)
Def, An OPPosiJre Jilteation of H'(S(X). Q) is a finean ismlro;)ic suEsPace
L = HESMX.Q) st HsX.Q=HE.X.Q)e L ad 'L =21,

~ Le—H S Q) —> HS.MX).Q)/t H(EX). Q)

\—2 I
H'(PV(X).2)

~ BY:=H(S(X).Q) atd -2 H(PVIX.?)
der\ojfe = H(S(X),Q) — Bi((f))
H, = H(ESX), Q) = R+]
— 4 =R 5 B 4 FYURS are to-conugate to each other

My —F— H{ 2t Ty,
?U’Zx) — Grap% (d—}OX,z() 4 | Ho
3 51/{. 9% on He=H(PV(X). 2)[t], 9=o0 B-model invariants.
Geomejcry % %e OPPosiJce f\'\%rajﬁon i
Define  Ta: SLO=PVOO(E)— S2(X) (£)
fa(tu) =147 420 M oePpy
Q=3+te > d=2+2

2(S) =TT #7 F K

where  FUX)="K), the Hodge §ilkration
= [a*PV™) =M () 2= 0 ()




In packicular, o SOO/ES0 —2 TG QX
> «— > 2

n—> i 1S a sPliJcin_q o} Hoolge i‘ji]%ra{ﬂ.

gg.l. i — T} Ham’nomc Sp\ijrjrinj ~ HH(X) :FJ@:HHM(X)

€3.2. 1 = mowoclrom)/ SPJ%HW@ arise \—}[rom | CSL
CY3 IPVTe PV'e £ PV e Ppy amkske py(x)(+)

"

¢ Pﬁmijﬁve O(orm (K. §a¢Jco)/ J—fumcml)'on ( Givental )
Fix gplitting £ ~ BH=HEGX). Q) nd = H(PVIX.LZ)
choose basis @'
])eofﬂ_ K-He H —— C(t) Higher residue pairing
K(df@), gglt) = Trldp) jH)9(b)

O OMe OFYe O

wu,w) = & Xlww)dt
modulo t, K =T H (PV(X). 2 ) = H'(X, ATx)

j‘( — H+ ® L - (A)-i'soJm)Fv'c sP\i'lf%)'nﬁ
R(H H) =0, K(Z.,1) =7 CLt7]

K BreBt — C where B = Hintd
K(‘&,(&O = "Tae  w/o %431«@1" t, such is called a rﬁoo& basis

d€§1h€ -//{; P M —— My
2 o e (Wf: Ho=Hoed pu 4, >
B —— #, B (+) Bt
o=t 1T .
~ family  p(T2) € PVOO[E]
st QT + {p), pehl=o

T 0-e)], = =t ¢,
Cineans  @Q-cohom. class.



o <
[101- ﬁ’vdﬁ)]Q =2 g S -] 2—3% \C L_)o:‘ J(xi.t) J-quncjr)'on

[e'ud/t ]Q =1-1] Pmmijﬁ\/e §orm

pﬂoP’ K (9t‘3,‘ J . atEJ) — 7201(; (mdep. 05 t)

(PL K(2ctT, 2e]) = K(G+01), §+0t) = T + O
= K(2es[1(1-e*)] 2w [t(1-e*")])
= K ((@csp?) e*, (22 pu*) e**) e C[t] g

- (o = Mot aph +.-)

— at"éjls Cle{fmes a Ofami}y o\][ (SOOCJ basisi Panavn_ lﬁ)/ {—Cg}

Geomejfﬂ'ca”y, Spani ot Jhe = Ta M n tL
M =0, THntd=Hotd=58"
H=T/hod => H=Ta/hk o 5or neanby T.
(20T} forms an basis of Tefatd

(ompute 2w2w] = (1) 202ul] e }37 the expnession of J
@20 9] =2u2a [i- te o= -[(i 2 oct 42000 4 )Mo € + T M,
= 9(“593?%] E%Tr,/'{x N i e J[L(Tr/'(x nti) = % SPan%ac:‘\”’

- 3 A\;(;(_C'f) S.f 95“591?‘3] +% A:p(—c’) 955] =0 Quarrlum’Dia(aCerenJﬁaI gq_‘l:
solve WDVV 6g_{.

Cquivalently, (2n2n ++AL@ 2« ) [e#] =D

Remmk= (Perjmrbajﬁve algori%%m Q(or LC’J ?no&el by Li‘Li-S'ai%O.



% 7 Classical BY master egua%)'on S-(X)

(H=+(1-e) &
S00=PVOLTE) e x

7 | S+(X)
Zx = InP = Graph(d ') w/ T = Tele,

@ Pneser\/es w = Quadmjcfc Hami[JCOlf)iaW h@‘&x —0
Q=73+to: §<x>ﬁ SO, @'=0  cohomological v
S{X)— S(X
G § S(X)— (X )@S( )
Toy mod el (JCmn.Le cl;m)
Let (V, ), Q) dg sympl. V.S,
W o-sympl W e NV, we NV
@ Skew—symm. Wit 0,
Assume l.agrangv'an SP]iHinﬂ \/:\/+€B\/_

. \/+ - v+
@§v—wwv“*’VTv o

e (Mee\) ® (VoV,) = AV
(Qe1)a" e(MieV) @ (V-o\Vi) ® (Ve V)
P =MeT)(Qe1)ad)e VoV,
P measure the fodre of Q preserving V..
(Prop. P e §ym2(v+) qf deg 1 o Q—(;ompajcil)[e ((Rel+1eQ)P =0)
(Pf- (Qel+1eQu=0= (Qsl)w' € Syr'(V) = P e Sym(V)
G€omejfrica”>/, (Qel)w' e S’ymg(\/)

lw\) ﬁl-\w
quad Hamil o\( QA: he S §7m2(v*)
(Q®1)5\)—1 6<\/+®\/—) P (V—®\/+) @gym2<V+)

s ha eV @ (Vo) @ SV "
s $3 e




Denote 25+ Sym (Vi) ——— Sym™*(V5), contracting w P € Sym® (V)
Define BV bracket 1§91 = 2 (f9)- @ f)g3- 1) £oq
Prop. (OV) = Sym"(VF), (G, Op, 1-.-1) is a dGBV-dlg
[P (Qe1+1:Q)P=0 = [Q, %] =0
Given Lagrangian £ = Graph (dL) = TV =V
& tangent to £

= Q1 +§'{IO,I,,}]> =0  (reason : (odd) Hamilton-Jacobi h&‘i =0 )
(cfassical mas%er egﬁ:.)

& S=Q+{L -1 00— 0\) s $*=o

> = (-”_'I')‘X' I:QLJ 7@@IZV+ ﬂeomejm'ca”y

Back to B-model on X

Q: SX)— S(X) @ S(X)
W= Sat ot (as =) =Tr(=-) Resye, (-2 -))

whete §, is distribubional et of PV(X)® PV(X)

Sa i integral kemel for L+ PVIX)—— PV(X)
P=(MmeT)(Qe1)w") (2 21) $a € (PVO) @ PV(X ),

Q=% +to2)

Given focal 5% J__(/uk):g”'“ on M=Mettph+.. € CX)= PV E]
ST = L Te(sntl)

Bv bracLe‘L % L ) J__Q}o 2 T‘(‘ (é_/&) E (é_/}ﬁ,) ﬂocaﬂ

Theorem (Cosgfeno-)_i) IT(/‘") = Trde", :Z

S.JC. @ I:*%{If, I:}o =0 CM E (<:> %opo. Yecuysion re\ajrion
§o Q/l ﬂ; tﬁk(//t@k) =0 yhere §= Q*’{I:(,—} — ‘; L



¢ 8 Quantum BV master eguation

Toy model  (V, 0, Q) dg sympl, V.S,

w/ Lagrangvan SP]iHinﬂ \/: \/+€B\/_ ~ @: §\v/+ : i/;@\/
P=(TeT)(Qe1)a") € GV '
(O, G, O, 1-.-1p) dGBV-dg .

D% (formal) Weyl algebra WV) :ﬂl(\/*)@m[[;\]]/ma—h od;(a@» b)
A ormal quaritum parameter
Mot WO/EWWN) = OWV) Jormal quantum pa

Arn(\V) = 1 € V' @(\)=0F , annilator of Wi
Q: V=V  preserving s
v O N— N\ pneserving AnrNVs)
(Pﬂop. Arm( +> =\ is a subwmp\ex
Def. (formal) Fock space  Fock (W) = WIV)/WV) Ann(\i)

PemanL '- Trea)c Arm(\/+> as anm]ajcion opoﬂaJcors,

Q s Compajcilp\e w/ w(\/>
(M(\/>,62) de§meg a cocham complex
W) Ann(Ve) = W(V) Su‘;compleX

~ (Ol Tock (Vy) — Tock (V)

Lagransvan SP]iHmﬂ \/:v+€9\/_ &T*\/Jr — \/+*C\/*
OMN) 2 T Sym' (VS Jormal fu. on Vi
OWN)Th] e WIV) —> Fock (W)

\_/

CreaJcEOn
openators )

@A on W) 4 Tock(W) ~— X on OWNIE]

OWN)Th] —2— Tock (V)
@zl ®. l Q
OWN)Th] —2— Tock (V)



62'\/+ — VA @:@(\/+)—>@(\/+)

rop @ 62 )F\SP Sjccﬁ qucmjc. o§ Ciuaclmjtic Hamiljconian)
@2 =0 ’% exencise,

Quantum Master écfc. OME) for = :a; R e OWN,) ]

(R+hor)e™ =0
— QA+ )F\@P)FJF {F.F}r =0
Ao, O FE+L{REEL =0 (CME)

F>= &d(e™) (5e e o))
QME & QIF> = 0 in Tock(\})

(quanjtum gauge consisjcenc:)/) — pass «l,o &-w%mology.

[1F] € H (Fock (W), Q)
b H=H(V,Q) = H.=H(\%.Q)

SymP|. W isojcropic
Chooce polam‘za%n H=H.e L Lagr. sP\iHing
WV) Weyd (H) «—— DU IR
J; Q-coh Jé ~
Tock (VL) Tock (H:) ,
QAIF> =0 (1P, <« ¢
Fi=2 F5 &

R e O Guantem,

TWIWNONAVTL.



gq HOmoJfoPiC Penorma\izajcion (Toy model <\/+Q)"’_>>QFT<€Q)

Space of J[ie]ds C =T (X E) smosth sections of graa\eci bundles

@ (e\lipjc{c) cli\‘f\feren{ia‘.

(shifted) Poisson kernel P el (Sym(Elast ws support Ax = XxX
(\/: v—) & =Hom(E.C) continuous dual

(\FeVia—) e =(ER0)" = Sym € ele
O(€) =0 S\/mng*
(op: §ymn(Vf )ﬁgymn_n(\/f) a—s)
Op gymn( i*)ﬁgymnd( £) NOT well-def?
Carnot mulkiply disteibuk? | (UV problem in QF T, need senormalizat?)

Change YIOJCQJHOV\: [ Ko S F(S‘\/ﬁ%(ewdns{ (S%igjcecwpoisson )<erne]
QK. =(Qel+1eQ)K. =0

Key Olosewajﬁow é”w‘p)ﬁc Teau\arijfy H.(SV}’)OOH’L Q):H'(dis{ribuw, Q)

— |< o — ]<\’ + @ (P )
distrib. SH’IOOH'i dis)crjilbu);n‘
kernel kevne! ‘panametrix’

Oke g\/mn(i*) — S’ymn_ﬁ(g*) We“-defyd.
o : O(g) — O(¢) (normalized BY op@?ajcor)
[91«)@}20 (@(K\’):O)

qu. (O(€), (A, 2%) mormalized dGBV a\g. wt. Paname')trix P

Given A panamejcrice& |<o — K\'. + Q (R) — k\’;"’ @ (Pra)
Pr =Po-R € g\/m2 (€)  smooth |
~— opz - O(C) — O(€) 2 orden op., conbrack w P

Pron.  O(E)H] RS O(O)HT o aouae
P y 892Uy
exp (hopn )l » lexp (h Op)

O(9)h] G (0]

P} ehorm ) 7% = Qi ko Q] +0 = Qb (Duw — Dkea)  #



Def. ONE)Nx1 = Sym” (€)@ 4 OIENAT “ackion at least cubic modulo +
Homotopic  renormalization group (HR &)
WPy, =) « ONE)H] —— ONE)H]

WP, T) =4 Log( "% ™)

W(P%, 1)/ mpv 1/4

jie.  C = £

T - vertex

o WIPE D) = 2 WelP2T) T XK 3. meopagebor

Del: A Sol of effective QME s TLx]l € ON(CA] for each B ¢t
(1) Renormalized QME, (Q+h2) €™
2) Homolopy RG,  Lul = W Py, LCs])
(Canlier prop. = (1) 4 (2) are compatible )

10 Quartum BCOV Jgheor/y

B-model on X: & = S:(X) = PVIX)[t1a]
S%ig{'ed Poisson kernel  Ko=(2®1) 50 € P\/(X)Q@P\/(X)

C‘WOOSQ H&Her me}xic g on >< ~> (—a*: D\/i“”—> D\/i,{)_n
~ heat kernel  h2 € PV(IX)ePV(X) }or C >0

(735 ) = Tew, ha (5 ol (1a)

Lt Ke=(20®1)h =225 K,

Prop: Ko= Ke+QR) w B = [L@9el)hi du

'PAC © This s %e injcegra\ kernel Yepr. o“[ H\e op@/la)cor quc.
2200 4 [, (5% %% y]
Q=2+te, [3,21=0, [3 2 =0

— [Q, 5% ™% 4]
=([3272e™" 0y = 2 -0 4




’.De& Given Panamejgrix rPr w/ nenorma]ized ?oisson kerne',
e%ec‘p'\/e Pﬂopagajcor PgL S Syrﬁ(P\/(X)) — gym’g for o<g<L

Pe = (5'201) hi du smooth !
(homojcopy Jfrom negu]ariza{n |<g Jco KL)

qu (Coctello-L1) Perjrurkajrion quantization of BCOV quOry on X s
¥ L>o, FILI=Z #*RLL] € O(SOOTI s

(1) homotopy RG Jlow:  FILT = W(RFIeD) (e et/ = ohom P/t )
(D venormdlized GME (A +hA) ™ =0 ("AL=9u")

(3) Zocalijty axiom: F[L] has small L asym. expansion via local Junctional.
() classical limit = Lim FILT = T7

(5)5493(86 axiom ¢ Hoo\ge uJeigH? axiom: I:a (L] has Hoc\ge w\:.B-A)(‘f&‘U
(Hodge wt o PV i k+m-1)

IR limit L— o,
K= (@ol)e” o2 Low (2 ® D) (harmonic Pro\‘).) =0

— AL=0x %> 0
G+ ha)) e r=o0= Qe =o= QF[e]=0

— [Fleol],e H(OSONHI Q) = O(H(S,(X) Q) I4]
'\})aﬁ 4 SPltH,'W\g @C HOCJSQJCIHZ"\“’ |_| (S+ , —H(X, /\.Tx)ﬂ:ﬂ]

~ Fiy S (HXC AT —— C  (mirror do GW-invanants)



UV qujremess and JOCQ‘xJEY

In Pﬂamlwe Consjrruc{ guan%wza%lon

S%am! w/ Ioca] }clﬂ [ € Oloc( )] (c)assical injceracjm'on)

(2) Find € -indep. local OCLQ ICT(@é)ﬁOloc(E)[[’F\]] (counter terms)
st @I = Ly o o (T e ({1100, sk HRG)

) Further correction to solve QME.
(Coulc( L)e obsjcfchcecl — gauﬂe anOmal7>

Def: UV finite if  fim p"o o (14 IZEAE oy

Assume AV Jcmijre
WAT+ QI+ I} =0 40 defd ot L=0

requanize, ularize AL+ QIIL) +4(I[L), 1L} = o we”—degrd‘ for L>0

=0 , QI +HI I +4L(III)+....=0

~ nenormalized local OME

. QXP]v'cﬂE J[ormufae }or A's not. known.

Thm (L) 2d Chiral theories are UV finite.

Renormadlized focal QME & MC eg{ in Chical VOA

> < Yenorma'nec\ >@<
{I.1}

(ME
re& -' \/&Jcex a\g. and quaV\Jﬁum fmasJE@l ngLl

' gxplv‘ci)[ canonical sol” o§ guanjfum B-model on e“iPJr{c curves

and establish guanjcum MIVYOY con\')echure.

Thin (Wang - Yan) Chival theories of any dim. are UV finite.

e BCOV, HCS — guanjrum BCOV has a locdl expnession.
(GQui) Hig‘ner chical OPE.



gll )_arso‘au- Ginzburg E-mocle'

:g : (>< )Q> holo.fu. C, Chjt(f) ComPacJL
coxmid  holo. vol. form

PVX)=0"X, A% = PVLX) compact  support
=75+, -1=2+dfx 4 2 =2a
(PVOO, 5, 2) = (PV(X), 25, 2) 4GBV
Lemma (PV(X), 35 ) = (PV(X), T)  quasi-icom.
[PE 157) aeyclic oudside a small nbd of Crt(f) #

To app]\j Baﬂanmkov-)(onjtsev{ch cor\sjar. Jcor r_v]:rokelmus m&a.sjnc on H(D\/j&)g
’neea U)Hoc\ge—%o—depham E«—degen. O(F SPechra\ Seg_- Sor Jt-aAic :{—‘»H: OQ[
(PVOOLE, 35412) (o (PVL(X)I], B3+12))

(M smOOJchess 5 forma\ijcy) %ence a unv. Pwﬁod map.
(2) Trace pairing Tc.-) on PV, compa%. w of 4 0.
— Symp\. SJ[r. W = Tel-.7) RéSt:o
(3) Sphthng of H(PV,25) ——=HPV.OOItT, Be+t2)
Compajt. w/ Tr (and %iﬂher residue) ~ %ooc\ basis”.

Remank - anc(f) isolated = H'(D\/,E&) :jac(ac) = Otk (§)
Hodge-jco—c\epham Ev-degen. V4
Trace pairing - P\e (>< — € TY‘(/M) ZS (uad)a0d
Drop T\’ (’agolx G>_ 1)\"”—|—r &95{3> Tr (?A){S>_ 1)\°HT (&?@)
Cor. Tr de\{mes a Pawmg.on w\f\owzoloazes.
T\": H <PVCJE§> ® H <PVCJB§> - C
Move 36;’\010]\7, Ks H(PV.I[t],Q4)® H(PV.It1,Q¢) — (CIt]
Ke (o §1), 9W)) = Te(dg) §1) g-t) Qs =25+10
Gy 0 Q=) — C w Cotld) = o}
H(P\e,2g) = ]ac(\)ﬁ)é U [df g =+ g
—> Viewing Tr on Qac Tr(d@d"2, pz)d"z) Litufate Reszm%

¢ Kel@,p@) =Kol p) + Kildp)t -
Res 7’}\ Q%EY vesidues q]f K.Saijto



HOA@Q-%O-AER)’\GW\ : (‘) PV %oo 516 J[ovr T\‘ (ii) P\/c jLoo S)fnan for Hoage clewmp_
(iii) ?VLQ (bac]) :g,or T)On\mea}l Sxtr.) eg. Pnoclucjc.

(Li-Wen)  PVeX) = PVio (X)) = PV (X) w PVio (X) solves (i Gid .
PViow () :={ pePVa(X) | 1vfrFoimel’ ¥is]
Assume (X, 9,€2) Kahlen w/ bounded CY geomejcvy.

(D€j3 5><M ¢ ‘Sjﬁrong enip‘hc) i§ Vero Nk>»a, € |V§|k— |vk§|%a52—>00 too

€3 (C",d"2), Ysta, § non-degen. guasi—homog. polyn.
(~ mirror of FIRW %eory)

83 (C\J %A---A%), ‘js’cd, 5 Conwm;'en{} nlon—degen. Laurenjc polyn.('\' miyvor Q)[ \Loric)
Ca. (repant recol® of C/T.d2 w1 <SUM, Gue  (orbifold LG B-model)

Thim (Li-Wen) §+(X,9,9) —1%0 @ deong elliphic,  cpb Grit(f)
5 bounded (Y gwmejcry !

(1) (PViw (0.2, 2)  dGBY, w paiving T, Hodse-to-deRham degen. v

(D) (PV.(X), 3) = (PViow (0. )= (PV(X). 3y)  quasi-isom.
(= Hoo\ge—Jco-deRham de(jen, V for all)

(3) Poincmé dua\ijcy
Te - H.<’p\/:f;oo (X), §5>® H(PV;,W (X), 55)—> C ?’)on—azegen.

('\9 |<§ 5enmalize k.fmko L\igker ﬂesidue)

Cor. Frobenius st on H(PVX), 3y).
Remank : 3 chan p approack




812 Open - cloced B-model

closed sjm'ng gie\d B-model =—= TBLOV Hweory

Witten 1992

oPen Sjm'na §ie\d B-“mode| — Cg + msjfomjtons
OPQH Sjm'nﬂ gie\c{ A-"mer| — Holom. CS

holo. vb. E—— (X,0y) CV3

\S}ields € — QO,*(X,ET]A E)U] = A: A + A + A N A
H cS ghost physical Jield &ﬂjci-ghosjc anti-dield

ackion HCS(AY =, Tee (£ A.5A ++ AL [AAD) 4 S
EOM for A, 3+ S TAA] =0
V=2+A , (V=0 — c\efovrm holo. vb. ste on E.
HCS describes moduls o§ holom. .b.
C o (D-shifted sympl. w WLR) =y Teldap) 1 Ox
L~ shifled Poisson kernel Sa € (2@&)aist.

BV bracket 1L,L1, Jor locdl feb T's.
HCS satisfiee CME , {HCS HCSY, =0

Weite  Sres = {HCS, = Yo, (Sues) =0 BRST-transt
Shes A = SA + ?—Q\EA ,A], ~ da)_a Qo’*(X,EnA E)

Large Nperspecjcive: E CJSM |_®N, |_ amP\e enough
— idempojren‘}‘_ Pe O]_KN(COO(X», PzzP, E:P <|_®N)

*(X, End E) e 2 (X) 8 gl = €
EN — ENH - €N+2 ......

LOO'< &O\’ j:(/e on 6\/ slcaHe s N—> o0 ca] ed admxssﬂ; f&g E . x TTA Qx

Larc\e N dua\'{y HCS on Ev. J= S (HCS) S)Eoro\er c\e\)formaf, loc. adm.
LS Ches T=1HCS. TL =0 = Jin Loc. dual f H. (gl ), 3,1-7)

Lie é/_\ CIﬁC ]nomo\o
(Loday- QuillenTeyqan) i HilobR) = Sym( HCATR) 9

HC(S0) 2 (50T, 5+k2)  (HCR) ~ (CL(RIEET, b+ EB)) O
SN/ S (0T




(€ (00E], 3+ ta) et (PV(X) [],A=F +1 ) ~— S,

BCOV jieH (gmvisfy) = sing\e, Leace opemjcor at N— o
ie. Gauge/éravijcy clua‘nLy

E 1 pe PVIX) — 1% order deformal®
Jo= Sx Tr (psAr2An—a2A) a Ox  (HKR)
G2 pel PV — 1t order deformat®
b =2ty T Qe s AWARBA AT OAL - A %2A) 2 Ox

j/* gewem\ ocofmu]a Jor lmg%er order a\e&rma{m o the dick level

E\/ Willwacher- Ca\aque/s Cyc\ic ext” of Kontsevich J[ormalijf'y.

§' for cloted string
SCongn mD) ’Poisson T - model

| mis Y s
Open-closecl Moster Eqt Jfor Ta.n (e, A) %1 ody. comp.

{Ig,h(ﬂ,A)} needs 1o st. Zviebechs open-closed master eqt..
~ (M) ~ degenenat’ of Xgn

€q (9.h)=(0.1), 'a(j@:) N n
Qlos  + 7 {lonToo + 1T Tosy =

~ KON}S eViC}’\ U(ormali%y {—)Io,o}c_ (35’7”mejﬁy) openBV bracket cl/o,seol BY bracket
€q.(3.h)=(2.0 (ie. (Q+hA)I+ 1. T}.=0)

2 (5 ~ v 0
QI.’ZO + AC 110 + 1{110 110}(‘, {I Ino} —

€3 (9. h)=(0.2) co\)apse
o Tk - :@ T Lr

QIOQ T {IQO,I.} A 101 + _1 Io,l I}c {Ioo Ioz}c = 0

I-loop anomaly

~ Teaqe(Q)=N'#0 (Tenuan (O) =0 mk, Lo)

Thm (Costello-Li) HCS on (€)@ oy T ) wi Blorder oleformajt_/\@<
3 canon. quantizat” Lgns st. Zviebechs open-closed master eqt.

Remank = Such guamjc{zcﬂ:o 3[ue to focal CY vy montrivid Crackion.
Remank : BCOV +HCS open-closed B-maodel is U\/qu'mjce Y.



